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Abstract. Let E be the extraspecial p-group of order p-^ and exponent p 
where p is an odd prime. We determine the mod p cohomology of summands in 
the stable splitting of p-completed classifying space BE modulo nilpotence. It 
is well known that indecomposable summands in the complete stable splitting 
correspond to simple modules for the mod p double Burnside algebra. We 
shall use representation theory of the double Burnside algebra and the theory 
of biset functors. 



1. Introduction 

Let p be an odd prime and E — p^"^ the extraspecial p-group of order p^ and 
exponent p. The (integral or mod p) cohomology ring of E is widely studied (for 
example, [5], [TO], [H, [12], [13, US\, [23, [H])- In particular, in [21 , the second 
author consider cohomology rings of finite groups with Sylow p-subgroup E, or 
more generally, cohomology rings of saturated fusion systems on E, and obtained 
the cohomology of various summands in the stable splitting of BE where BE is a 
p-completed classifying space of E. 

Let P be a finite p-group where p is an arbitrary prime. By the Segal conjecture 
(Carlsson's theorem [5]) and the result of Lewis, May and McClure [13], it is well 
known that, in the stable homotopy category, the endomorphism ring of BE is 
isomorphic to the completion of the double Burnside ring A^{P,P). Consequently, 
indecomposable stable summands of BP correspond to primitive idempotents of 
the double Burnside algebra Ap{P, P) over a finite field Fp, or equivalently, simple 
Ap(P, P)-modules (except the one dimensional module with trivial minimal sub- 
group). Benson and Feshbach [2] and Martino and Priddy [Ij classified simple 
Ap(P, P)-modules and studied stable splittings of BP for various p-groups. See 
Benson's survey [1] for more details. 

In this paper, we shall determine the cohomology of stable summands of BE for 
the extraspecial p-group E = p^"^^ through the action of double Burnside algebra 
Ap{E,E) over Fp. Let 

pp = V v X,, 

i l<j<m{i) 
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be the complete stable splitting of BE such that Xij ^ Xmn if and only if i = to. 
Let 

i l<j<m{i) 

be a corresponding decomposition of unity into orthogonal primitive idempotents in 
Ap(E,E). Consider the sum Xi — yi<j<m{i)^ij of equivalent indecomposable 
summands. Let ei = J2i<j<m(i) ■ want to consider the cohomology of Xi 
modulo nilpotence. However, the cohomology of Xi does not have ring structure 
which relates to the structure of the cohomology ring of BE. Hence, in this paper, 
let 

H*{X,)=H*{E)e, 

where 

H*{E) = {¥p(g)H*{BE;Z))/VO. 

Note that Ap{E,E) acts on H*{E) (see Lemma lOl below) and H*(Xi) is actually 
defined, though it depends on the choice of an idempotent e^. The structure of 
H*{E) is known ([T^, [H]) and the main purpose of this paper is to determine 
H*{Xi) for every summand X^, see section [TOl below. 

For example, let X{¥p) be the principal dominant summand of BE^ namely, the 
summand corresponding to the trivial Out(i?)-module. In [21,, it was shown that 
H*{X(¥p)) is the Dickson subalgebra of H*{E) for p = 3, 5, 7. These are obtained 
by the cohomology of the fourth Janko group J4 {p — 3) (Green [5^), the Thompson 
group Th (p = 5) and the exotic saturated fusion systems of Ruiz and Viruel [16] 
(p = 7). On the other hand, in this paper, we prove this result for every p without 
use of large sporadic simple groups. 

Corollary 110.71 Let X{¥p) be the principal dominant summand of BE. Then 
H*{X{¥p)) is isomorphic to the (positive degree part of) Dickson subalgebra DA 
ofH*{E). 

Let iS* be a simple Ap{E , E)-module corresponding to Xij. The multiplicity 
m{i) is equal to the dimension of S over Fp. Note that ¥p is a splitting field of 
Ap{E, E). Dietz and Priddy [6| studied the stable splitting of BE^ and in particular, 
determined the multiplicity m{i). Here, we reprove this result using cohomology, 
see Proposition llO.il 

Note that it may be possible to consider mod p cohomology H* {BE;¥p)/\/0 
instead of H*{E) = (Fp (g) H*{BE;Z))/VO. In general, H*{E) is a subalgebra of 
H* {BE; Fp) /VO and coincide with H* (BE; Fp)/^/0 if p > 3. But for p = 3, if* (E) 
is strictly smaller than H* {BE;¥p)/^/0. Here, we consider only H*{E) because the 
structure of H*{E) is easier than H*{BE;¥p)/y/0 for p ~ 3 and we can treat all 
odd primes p uniformly. Moreover, the Ap{E, i<^)-modules structure of H*{BE; Fp) 
can be deduced from that of H*{E) bv [fp ] . [?! ] . 

Let P be a finite p-group. Let Ap{P, P) be the double Burnside algebra over 
Fp. Simple Ap(P, P)-modules are classified by [2], [T3]. In this paper, we shall 
follow the functorial approach by Webb [12] and Bouc, Stancu and Thevenaz [3]. 
In section [3l we review some results in [4]. 

In section 21 we summarize the results on the structure of H* (E) . In section 
[51 we study the cohomology of a maximal elementary p-subgroup A of E. We 
compare the GL2(Fp)-module structures of H*{A) and H*{E) using the morphism 
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q* : H*{A) — > H*{E) induced by a surjective morphism q : E — > A. Note that 
Out(£;) ~ Out(A) ~ GL2(Fp). 

In section[ni we calculate the image of the transfer map from the maximal elemen- 
tary abelian p-subgroup A of E. In section [71 we study some Ap{E^ £')-submodules 
of H*{E). In section [U we consider simple Ap(i?, £')-modules with cyclic mini- 
mal subgroup. Similarly, in section [9l we consider simple Ap{E , E)-vaoAn\es with 
minimal subgroup A. 

Using these results, in section [TUl we determine H*{Xi) = H*{E)ei for every 
Xi. More precisely, we construct an Fp-subspace W of H*{E) such that the mul- 
tiplication by Ci induces an isomorphism W Wci = H*{E)ei = H*{Xi). Note 
that, in general, neither W nor H*{Xi) is an Ap{E, £')-submodule of H*{E). 

2. Finite dimensional algebras and modules 

Let A be a finite dimensional algebra over a filed k. We denote the Jacobson 
radical of A by rad(A), namely, rad(A) is the intersection of all maximal ideals of 
A. If e is a primitive idempotent in A, then eA is a projective indecomposable right 
A- module and eA/erad(A) is a simple right A- module. Let 

l<i<l l<j<m{i) 

be a decomposition of unity into primitive orthogonal idempotents in A, where 

eijA/eyrad(A) ~ e,„„A/e„i„rad(A) 
if and only oi i — m. Then 

5,; = e.aA/e.arad(A) {1 < i < I) 

gives the complete set of representatives of isomorphism classes of simple right 
A-modules. Let = J2i<j<m(i) ^^^^ paper, we call an idempotent 

corresponding to the simple module Si. Multiplication by a induces the identity 
map on Si and SjCi = for j ^ i. On the other hand, we have 

Sien ~ HoniA(eaA, Si) ~ EndA(S'i) 

and the multiplicity m(i) is equal to dim^ndACSi) ^i- 

Let M be a finite dimensional right A-module. Then Af has a composition series 

= Mq C Ml C • • • C Mn = M 

such that each quotient Mj /Mj^i is a simple A-module. The number of quotients 
Mj/Mj^i such that Mj/Mj^i ~ S, equals to 

dimk Men/ dinifc EndA(S'i) = dim^ Mei/m{i) dim^ EndA(5'j) — dim^: Mci/ Aivnk Si. 

If every composition factor of M is isomorphic to Si, then M = Mci and the 
right multiplication by Ci induces the identity on M. In general case, to determine 
Mei, we shall use the following lemma in section [101 Note that H*{E) is not finite 
dimensional, but each homogeneous part H'^{E) is a finite dimensional Ap{E,E)- 
module and we can apply the lemma. 

Lemma 2.1. Let AI be a finite dimensional A-module and S a simple A-module. 
Let e be an idempotent corresponding to S. Let 
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be a sequence of A-submodules. Suppose that M/N has no composition factor which 
is isomorphic to S and every simple subqutiont module of N / L is isomorphic to S. 
If W is a k-subspace of N such that N — L (B W , then the multiplication by e 
induces an isomorphism 

e:W®Le~WeQ)Le = Me. 

Proof. Since {M/N)e = 0, we have Me — Ne ~ We + Le. Hence the map e : 
W ® Le — > Me is surjective. On the other hand, since {N/L)e = N/L, this map 
is injective and Me = We ® Le. □ 

3. BiSET CATEGORY AND BISET FUNCTOR 

In this section, we summarize the theory of biset category and functors in 0] . 
Here, we concentrate on right free bisets only, though, in [4], Bouc, Stancu and 
Thevenaz consider the general bisets. 

Let G and H be finite groups and let Az{G,H) be the Grothendieck group of 
the category of the finite right free (G, 7J)-biset. Let K < G and let 1^9 : _ftr — > H 
be a group homomorphism. We set 

Gx^j^^^^H = Gx H/ ^ 

where {gk,h) ^ {g,(p{k)h) ioi g G G, k £ K and h E H. Then every transitive 
right free (G, H)-set is isomorphic to G x (K.ip) H for some K and Lp : K — > H. 
Let C,K,ip be the element of Az{G, H) corresponding to G x (k.^p) H. Thus Az{G, H) 
is a free abelian group with one basis element for each conjugacy class of the pair 
(K, if) where K < G &nd ip : K — > H. 
There exists a product 

Az(G2,G3) X Az(Gi,G2) Az(Gi,G3) 

induced by the map 

{X,Y)^Yxg2 X. 

If Hi < Gi, H2 < G2, (j)! ■ Hi — G2, (f)2 ■ H2 — > G3, then the product is given 

by 

xeMHi)\G2/H2 

(see [a p. 160]). 

Let fc be a field. We set Ak{G,H) = k(g)A^{G,H). Then Ak{G,G) is a finite 
dimensional fc-algebra. We denote by J(G) the fc-subspace of Ak{G, G) spanned by 
all C,H,v such that ip{H) < G. Then J(G) is an ideal of Ak{G, G). 

There exists an injective fc-algebra homomorphism 

L : fcOut(G) Ak{G,G) 

given by I— > Ccip where we denote the automorphism of G which represents (/? by 
the same notation ip. Note that f 1,1^2 S Out(G) then Cg,<piCg,v2 = (,G,ipiif>2 s-^d in 
fact i is an algebra homomorphism. On the other hand, there exists a surjective 
fc-algebra homomorphism 

TT : Afc(G,G) fcOut(G) 

such that KerTT = J(G) and m is the identity map on fcOut(G). We view fcOut(G)- 
modules as Afc(G, G)-modules via tt. On the other hand, if W is an Ak{G,G)- 
module, then we can view as a fcOut(G)-module via t. 
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Let Ck be the /c-linear category whose object are all finite groups and morphisms 
are given by Honic^ (G,i?) — Ak{G,H). A contravariant /c-linear functor 

Ck — > fc-Mod 

is called an inflation functor [19j . 

Let F be an inflation functor. If we define the right action of Ak{H, H) on F{H) 

by 

v(j) = F{(j)){v) 

for (j) e Ak{H,H) and v G F{H), then F{H) is a right ^^(iJ, iJ)-module since F 
is a contravariant functor. If F a fc-subspace of F{H), we set 

vAk{G,H)^ J2 miv) 

for a finite group G, then VAk{—, H) is a subfunctor of F. 

Let be a simple Ak{G, G)-module. Then the inflation functor 

Lg.w = W ^A^iCG) Aki-,G). 

has the unique maximal subfunctor Jg,w find 

Sg,w = Lg,w/Jg,w 

is a simple functor, where 

Jg,w{K) = fl Ker(L 

4>£Ak(G,K) 

by [11 2.3. Lemma]. 

Let S* be a simple inflation functor. A minimal group of S* is a group H of minimal 
order such that S{H) ^ i). If if is a minimal subgroup of S and V = S{H), then 
V is a simple Ak{H , H)-inodn\e by |4| 3.1. Proposition] and S ~ Sh,v by [4, 3.2. 
Proposition]. Let P be a flnite group. If Sh,v{P) 0, then Sh,v{P) is a simple 
j4fe (P, P)-module by 4, 3.1. Proposition]. In this paper, we write 

S{P,H,V) = Sh,v{P) 

if Sh,v{P) 7^ in order to emphasize that this is a nonzero simple Ak{P,P)- 
module. Conversely, let be a simple ^fe(P, P)-module. The minimal group of 
is a group H of minimal order such that 

WAk{H,P)Ak{PH)^0. 

If H is a minimal subgroup of W then there exists a simple A;Out(i?)-module V 
such that Sp,w — Sh,v and 

W:^Sv,h{P) = S{P,H, V) 

as Afe(P, P)-modules by 4, 5.1. Proposition]. The following lemmas are almost 
same as j4, 3.5. Proposition]. We include proofs for completeness. 

Lemma 3.1. Let F he an inflation Junctor. Let H be a subgroup of P and V a 
simple Ak{H, H) -module. Suppose that W — Sh.v{P) 0. Suppose that V2 C Vi 
are Ak{H, H)-submodules of F(H) and V1/V2 ~ 1/ as Ak{H, H) -modules. Let 
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Fi — ViAk{—, H) be the subfunctor of F generated by Vi. Then M — Fi/ F2 has the 
unique maximal subfunctor M' such that M/M' ~ Sh.v where 

M'{X)= Pi KerM(0). 

4>eAk(H.X) 

In particular, M{P)/M'{P) ~ W. 
Proof. Since we have an isomorphism, 

Hom(LH,y,Fi/f^2) ^ mu,A^(H,H){V,F^[H)/F2[H)) 
by [U 2.2. Lemma] or section 2 in [3], there exists a nonzero morphism 

9 : Lny M. 
We define two subfunctors F^ and F.2 of F by 

F[/F2 = eiLn.v), F^/F2 - eiMv)- 
Then F2/F2 is a unique maximal subfunctor of FI/F2 and 

^1/^2 — Lh,v I Jh,v — Sh,v- 

Since {Fi/F{){H) = and Fi{H) = V"i, we have Fl{H) = Vi. Hence we have that 
Fi = F[ since Fi is generated by Vi. Hence M' — F2/F2 is a unique maximal 
subfunctor of M . The description of M' follows from the following commutative 
diagram: 

Lh,v{X) M{X) 
LHy{H) — ^ M{H). 

□ 

Lemma 3.2. Let F be an inflation functor. Let W be a simple Ak{P, P) -module 
with minimal subgroup H. Let V be a simple kOut{H) -module such that W = 
Sh.v{P)- Suppose that W2 C Wi are Ak{P, P)-submodules of F{P) such that 
W1/W2 W. Let Vi = WiAk{H,P). Then there exists an Ak{H, H)-submodules 
V2 of Vi such that V1/V2 ~ 1/ as Ak{H, H) -modules and 

ViAkiP,H)/{ViAk{P,H)nW2) ~ W 

as Ak{P, P) -modules. 

Proof. By Lemma (3.11 WiAk{—,P) has a maximal subfunctor E' containing the 
subfunctor W2Ak{—,P) such that 

WiAk{^,P)/E' ~ Sp,w ^ Sh,v. 

Let V2 = E'iH). Then V1/V2 ~ Sh,v{H) ~ V. Since W ~ W1/W2 and 
WAk{H, P)Ak{P, H) = W, it follows that 

ViAu{P,H) + W2^ WiAk{H,P)Ak{P,H) + VK2 = Wi. 

Hence we have 

ViAk{P, H)/{VMP, H) n W2) ^ W1/W2 ~ w. 
This completes the proof. □ 
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Corollary 3.3. Let F be an inflation functor. Let H be a subgroup of P and V 
a simple kOni{H) -module. Suppose that W ~ Sh.v{P) 7^ 0. Let N be a sub- 
module of F{H). If F{H)/N has no subquotient module isomorphic to V, then 
F{P)/NAk{P, H) has no .subquotient module isomorphic to W. 

Proof Let F = F/NAk{-,H). If F{P)/NAk{P, H) = F{P) has subquotionet 
module which is isomorphic to W, then F{H) = F{H)/N has a subquotient which 
is isomorphic to V by Lemma 13.21 This contradicts the assumption. □ 

Now assume that p is a prime number and k — ¥p. We set 
Ap{P, Q) = Q) = Fp ® Q) 

for finite group P,Q. Let H*{P) = (Fp ® H*{BP;Z))/VO. Let H < P and let 
if : H — > Q be a group morphism. The action of Cn.if G ^piPj Q) on cohomology 
is given by 

Tr^y.* : H*iBQ;¥p) H*{BP;¥p) 

and H{B{—);¥p) is an inflation functor. Similarly, ¥p (E) H{B{—); Z) is an inflation 
functor. Moreover H*{—) is an inflation functor by the following lemma. 

Lemma 3.4. Let Q be a subgroup of P. If x ^ H*{BQ;¥p) is nilpotent, then 
TrQ(x) is nilpotent. 

Proof. We will prove y — TrQ(a;) is nilpotent. By Quillen's theorem jl5l, we only 
need to prove that res^(y) is nilpotent for each elementary abelian p-subgroup A. 
By the double coset formula, res^(?/) is a sum of 

(i) elements in the image of transfer map from the proper subgroup of A. 

(ii) elements of the form resj(a:*) where x* S H* {BQ* ,¥p) is the ^-conjugate 
of y for some t £ P such that A C Q*. 

Since A is elementary abelian, elements in (i) are zero. Since conjugation and 
restriction maps are of course algebra morphisms, elements in (ii) are also nilpotent. 

□ 

4. Cohomology of = 
Let p be an odd prime. The extraspecial p-group E = p^'^ has a presentation 

as 

E^{a,b,c\ [a, b] = c, ^ b" ^ cP ^ [a, c] = [b, c] = 1). 

The cohomology of E is well known. In particular ([TO], [IB], [21] ), H*{E) is 
generated by 

yi, 2/2, C, V 

subject to the following relation: 

2/?2/2 - 2/12/2 = 0, Cy^ = yf, = yl^^^ + y^^^^ - yl^^yl"^ 

where \yi\ = 2, |C| = 2p—2 and |?;| = 2p. We write u^"^ by V. 

Let i? be a subalgebra of H* (E) and xi, . . . ,Xr elements of H* {E) . We set 

r 

R{xi^ . . . , Xr} — RXi 

i=l 
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if xi,...,Xr are linear independent over R. Moreover, if W = Y^l^i^pXi is a 
Fp-vector space spanned by xi, . . . , Xr, then we set 

R{W} = R{xi,...,Xr}. 

Lemma 4.1 ( [21|, section 3]). We have the following expression, 

H*{E) = ¥p[C,v]{y[yi\0 < j < p - 1, ^ (p - l,p - 1)}. 

The maximal elementary abelian p-subgroups of E are 

At = (c, afe*) for < i < p - 1, A^o = (c, b). 

Let A{E) be the set of all elementary abelian p-subgroup of E, thus, 

A{E) = {Ao,...,Ap^i,Aoo}. 

Letting H*{A) = ¥p[y, u] and writing i\{x) — x\A for the inclusion iA - A C E, the 
images of restriction maps are given by 

yi\A., = y for « e Fp, yi\Aoo = 0, y2\Ai = iy for i e Fp, y2|^oo = y, 

C\Ai = yP'\ v\Ai^uP -yP'\ tor all i. 

The action ofg=^" GL2(Fp) = Out(£;) is given by 

g{a) = a"P,g{b) = a^b^, g{c) = c'^''"-3\ 

and the action of g on the cohomology is given by ([IH], [HI P-491]) 

g*C = C, = ayi + /3y2, 5*2/2 = 72/i + 1^2/2, 3*-^ = {det{g))v. 

We consider the Out(i5)-module decomposition of H*{E). Let S"* be the homo- 
geneous part of degree 2i in Fp[yi, 2/2]- Thus, for < i < p — 1, 

5*=Fp{yi,yi-'y2,...,2/^}. 

Recall that Fp{?;} ~ det as Out(£^)-modules where det is the one dimensional 
determinant representation. Then p(j) — 1) simple FpOut(£')-modules 

S'v" ^ S' (i) {deif {Q<i<p-l,Q<q<p-2) 

give the complete set of representatives of nonisomorphic simple FpOut(i?)-modules. 
Let us write 

CA = Fp[C, V] 

and 

IDA ==Fp [£'1,1)2] 
where Di ^ + V ., D2 = CV. Then 

the Out(i?)-invariants, and 

lD)A|A = fl"*(A)°"*('4) 

for all A e A{E). Moreover, we have 

CA==DA{1,C, ...,CP}. 

Next, we study the Out(i?)-module structure of for j = {p — 1) + i with 
1 < i < p - 2. Let 
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for < z < p - 2. In particular, ^ Sp^'^. Then we have 

since, in H^{E)^ we have the relation y^?/2 — yiy2 — hence (for i > 2) 

7 — 1 i — 1 p 7 — 22 -i— 2?3+l pi — 1 7 — 1 

Vi V2 = vi 2/2. Vi 2/2 =2/1 2/2 ' 2/12/2 = 2/12/2 • 

Since = Cyf, yly\~'^ = Cyiyl~\ yi = Cy^ we can write 5*^ = CS' + T\ In 
general, we have the following. 

Proposition 4.2. Let < i < p ~ 2 and m > 1. Then 

where S'^ = ¥p and T*' = S^^^. In particular, the subalgebra of H*(E) generated 
by yi and 7/2 is written as 

p-l p-2 

Y,S' + ¥p[C]C{¥pC + SP-^) + J2^p[C](.CS' + T'). 

i=0 1=1 

_ The Fp-subspace CS' is a GL2(Fp)-subniodule of Cp-i+» = CS^ + T\ Let 
T' = 5P-i+V(C5*) = {CS' + T')/CS' for 1 < i < p - 2. 

Lemma 4.3 (Glover 8, (5.7)]). GL2{¥p) -modules, 



1 i\ , no 



Proof. Let .9 = ( Q 1 ) ' = ( ^ ^ GUi¥p). We set ylyr' = vlvV 



CS' e T\ Then ¥p{y\yl-'} is the unique nonzero minimal Fp((7)-submodule of 



T*. On the other hand, y\y2~^ generates as an ¥p(g') -module, hence it follows 
that is a simple FpGL2(Fp)-module. Since dimT* = p — i, it is isomorphic to 
S'^~*~^ (gjdef for some < g < p — 2. Since ¥ p{y 2~ ^~ ^ 'S^dct'^} is the unique nonzero 
minimal Fp(g)-submodule of S"^"*"^ (8)det', there exists an FpGL2(Fp)-isomorphism 

f ' S'P-'-i (g) def sending y\y^~^ to y^^'^^ (E) def?. 

Now consider the action of t = diag(Ai, A2) £ GL2(Fp). Since 



t*{ylyr') = Wiyr') 

and 

r (yP-'"' ® det«) = XP-'-\XiX2nyr'-' ® det«), 
we have i = q. This completes the proof of the lemma. □ 

From Lemma |4. 11 we have the following. 

Theorem 4.4. 

p-l p-2 p-2 p-2 

H*iE) = ¥p[C,v]{i^S^) © (0n} = CA{00(5V ©ri;^))}. 

i=0 i=l 1=0 g=0 

Let ei,g be an idempotent in FpGL2(Fp) corresponding to the simple module 
(S> det'^, namely, (5* (g) det'^)ei,g = (X) det' and Set^q = for a simple module 
which is not isomorphic to (g) def. Let Hi^q — H*{E)ei^q. 
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Corollary 4.5. We have the following isomorphisms as ¥p-vector spaces. 

(1) ForO<q<p- 2, 

Ho.g = CA{w«}, Hp_i,q ^ CA{SP-^v'i}. 

(2) Let 1 < i < p — 2 and < q < p — 2. Assume i + q = m mod p—l where 
< m < p — 2, then 

We shall need the following lemma m the proof of Proposition [ 



Lemma 4.6. Let r — n{p — 1) — 2 for < n < p — 1. If < m < p — 2, then 
vS™'^^H'^^{E) has no composition factor isomorphic to S*™ as a Gh2{¥p) -module. 

Proof. Let R be the subalgebra of H* [E) generated by j/i , 2/2 and C. Then H* {E) ~ 

R®¥p[v]. Set 

K{m)= {R{v,...,vP~^}C^H^\E)). 

i='m mod (p—l) 

First, we claim that vS"^^^H^^{E) C K{m). Since r — (p — 2)p < 0, we have 
H^'-{E)C (i?ni/2('-'P))„^ c Rv\ 

0<j<p-3 0<i<p-3 

Hence vS"'+^H^''{E) C . . . , w^-^}. Then we have vS'"'+^H^''{E) C i^M 

since 

degwS'™+ii72''(i;) ^2{p + m+l + r) =m mod 2(p- 1). 

Now, we show that K{ni) has no composition factor isomorphic to 5™. If m = 0, 
then the result holds since iJo,o = CA by CorollarvlLSland 'Ckr\R{v, . . . , w^"^} = 0. 
Next assume that I < m < p - 2. Then Hmfi = CAjS*™ ® j^P-i-m^mj. ^nd the 
degree of each nonzero homogeneous part of CA{T^~^~'"w'"} is equivalent to 
modulo 2{p - 1). On the other hand, since CAjS""} C R[V], we have CA{S""} n 
K{m) = 0. Hence K{m) has no simple subquoitent submodule isomorphic to S*™. 
This completes the proof. □ 

We consider the image of the inflation map from a cyclic quotient. 

Lemma 4.7. Let < i < p — 1. Then the elements 

vlAvi + y2)\ ■ ■ ■ Avi + W2f 

span S\ 

Proof If < fc < i, then 

(j/i + ky,y = ^ (5) y^k^yi = j2 (J) y'r'y^- 

Since 

i 



is a basis of 5** and the (z + 1) x (i + l)-niatrix {k^)k,j is invertible, we have that 

iyi+ky2)\ Q<k<i 
is a basis of S**. □ 
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Lemma 4.8. Let p < n and Ai, A2 G Fp. Then 

(Aiyi + A22/2)" = C(Aiyi + A22/2)""*'+^ 

Proof. Since 

(A12/1 + A2y2)^ = Ai2/f + A2y2 = C{Xiyi + A22/2) 

we have 

(Aiyi + A22;2)" = (Aiyi + A2y2r(Ai2;i + A2y2)"-^ = C(Aiyi + A2y2)"-P+^ 

□ 

Corollary 4.9. Let Q < E be a subgroup of order p. Then 
^ ^*H+{Q)=¥,[C]i S^). 

if-.E^Q l<i<p-l 

Proof. Since 

^*{H'-m^ E (Aiyi + A2y2r 

for n > 0, the results follows from Lemma l477l and Lemma l478l □ 

5. COHOMOLOGY OF A 

In this section, we study the structure of H* (A) , where A is a rank 2 elementary 
abelian p-subgroup of E so that H*{A) = ¥p[y, u]. We fix a quotient map 

q:E^ E/(c) ^ A 

and consider the induced map q* : H*{A) — > H*{E). We may assume that 
q*{y) — yi and q*{u) = 2/2- This map is a GL2(Fp)-module morphism. Here, we 
identify Out(i?), Out(^) and GL2(Fp). The kernel of q* is given by 

Kevq* ^ H*{A)d2^¥p[y,u]d2 

where c?2 = yu^ — y^u. The image of q* is a subalgebra of H*{E) generated by yi 
and 2/2- 

Let S{Ay = H^\A). Then q* induces a GL2(Fp)-isomorphism S{Ay ~ for 
Q <i < p-l. Moreover S'(A)* i^jdef, < i < p- 2, < g < p- 2 give the complete 
set of representatives of isomorphism classes of simple GL2(Fp)-modules. 

Next we described simple A)-modules. Let Q < A be a subgroup of order 

p. Then Out(Q) is a cyclic group of order p ~ 1. Let Ui = FpU; (0 < « < p — 2) be 
the simple right Out((5)-module defined by Uia — X-ut where Out((5) = (cr) and 
Fp = (A). Note that if n = i (mod p — 1) where < i < p — 1, then 

as right /cQ-modules. Since Tiq{H*{Q)) = 0, we have 

H*{Q)Ap{A,Q)^ J2 V*{H*{Q)) = J2 E Fp(Aij/ + A2«r. 

¥>:A-*Q n>0Ai,A2eFp 

In particular, if 1 < ?i < p - 1, we have H^''{Q)Ap{A, Q) ^ H^''{A). Since 
Pi Ker(res;;^ : H*{A) — ^ H*{R)) = d2H*{A), 

R<A 
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it follows that 

fl Ker(0 (A) ^i7"(Q)) =0 

4>eA{Q,A) 

for 1 < n < p - 1. Hence H'^"-{A) ~ 5(A,Q,[/„) for 1 < n < p - 2 and 
H^(p-'^)(^A) ~ S{A,Q,Uq) by Proposition 13.11 and these modules give all simple 
Ap{A, A)-module with minimal subgroup Q by Proposition [321 Hence we have the 
following classification of simple Ap{A, A)-modu\es. 

Proposition 5.1 (Harris and Kuhn [7, Example 8.1.]). Up to isomorphisms, the 
simple Ap{A, A) -modules are given as follows. 

(1) S{A,A,S{Ay (gxief) {0<i<p~l, 0<q<p-2). 

(2) S{A,Q,U,) (0<^<p-2), 

dim5(AQ,t/.) = { (i<^^<"U). 

(3) One dimensional module with trivial minimal subgroup. 

Now we consider the structure of H*{A) as an Ap{A, A)-modu\e. First, we see 
GL2(Fp)-module structure more closely and specify all simple submodules of H*{A) 
isomorphic to S^^^ ^ det* for < i < p — 2. 

Since S^^^ is contained in Imq* for any j > 0, we have the following short 
exact sequence of GL2(Fp)-modules, 

d2H*{A) {q*y^{C^SP-'^) — > C'SP-^ — ^ 0. 

Since S^'^ is projective as an FpGL2(Fp)-module, this exact sequence splits. 
Hence, in particular, for < j < p — 1, there exist GL2(Fp)-submodules Wj such 
that 

{q*)-\C^ SP-^) = W, ® d2H*{A). 

Note that since 

„0"+i)(p-i) „0+i)(p-i)-i , „(i+i)(p-i)-(p-2),,p-2 ,(i+l)(p-l) 
ill J yi y2, ■ ■ ■ , ill i/2 I y2 

is a basis of S^"^, it follows that 

g*(yO-+i)(p-i))^ <7*(yW+i)(f-i)-iu),...,q*(y(^+i)(f-i)-(P-2)uP-2), g*(uO+i)(P-i)) 

is a basis of C^ ^^-^ 

Next, we consider Dickson subalgebra of H*{A). Let Di — res^(I?i) — yP^P^^") + 
resf (F) audita = resf (i:>2) = dP-\ Let ©A = ¥p[Di,D2]- ThenlM = 
and the restriction map induces an isomorphism 

resf : BA ^ BA. 

Lemma 5.2. We have 

l)^yO-+i)(p-i)-i^i EE y(p+J+i)(p-i)-'^,' (mod d2H*{A)) 
for any < I < p — 2 and 

23^^0+i)(p-i) = y(p+J+i)(p-i) (mod d2H*{A)). 

In particular, 

(q*)-l(C'J+mP5.p-l) ^ © d2i?*(A) 

/or any m > and < J < P ^ 1 • 
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Proof. First, we have 

23^yO+i)(p-i)-iy; ^ (2/f(f-i)+resf(«)f-i)2/(J+i)(f-i)-'M' 
= y(p+J+i)(p-i)-'y' 

for < I < p — 2 since Tes^{v)y = ^2- On the other hand, modulo d2H*{A), 
and 

[uP - yP-\)P'\<'^+^^'^P^^'^ = {uP - yP-\)u'-P+^^'^P-^'^-^ 

= y(P+J + l)(p-l) _ yP-ly(P + j)(P-l)_ 

Hence we have 

£)^yO- + l)(p-l) ^ (yP(p-l) + (yP _ j^P-lu)P-l)yO + l)(p-l) ^ U(P+J + 1)(P-1). 

□ 

There exists a sequence of GL2(Fp)-submodules, 

H*{A) D d2H*{A) D dlH*{A) D • • • . 

We shaU consider each factor module d^H*{A)/d'^+^H*{A). Note that, since 
d2g = .g*(d2) = idctg)d2 for any g € GL2(Fp) and ©A = it follows 

that 

i5i'i52^4"W„ ~ S{A)P-^ (g) det™ 
for any m. First, we consider the factor module H*{A)/d2H*{A). 

Lemma 5.3. There exists a sequence of Gh2{¥p)-submodules, 

p-i 

H*iA) D (Fp[75i]{0 Wn} ® d2iJ*(A)) D d2i/*(A). 

Moreover, 

p-i 

i?*(A)/(Fj,[Di]{0 © d2H*{A)) 

has no simple subquotient module which is isomorphic to S{A)p~^ (8) det* for any i. 

Proof. By Lemma 15.21 q* induces isomorphisms, 

p-i 

H*iA)/i¥p[D,]{^Wn} ® d2H*iA)) ^¥p[yi,y2]/¥p[C]SP-' 

and 

p— 1 p— 1 

S'p[-Di]{0 Wn} ^ (Fp[i5i]{0 W„} © d2H*{A))/d2H*{A) ~ Fp[C]5P-i. 

ri=0 ri=0 

Hence the result follows from Proposition 14.21 □ 

Next we consider the factor module d^ H* (A) / d^^^ H* (A) for general m > 0. 
Since d™ induces an isomorphism, 

{H*{A)/d2H*{A)) (g) det" ~ 

we have the following. 
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Lemma 5.4. There exists a sequence of G1j2{V p) -modules, 

p-i 

Tl = 

Moreover, 

p-i 

d^H*{A)/{¥,[D,]{@d^Wn} ® d'^+'H*{A)) 

has no simple subquotient module which is isomorphic to S{A)p~^ ® det* for any i. 

Since ^2^^ = D2 and DA = ¥p[Di, 1)2], we have the following by Lemma [5.31 
andlSH 

Proposition 5.5. For any < m < p — 2, the submodule 

p-i 

11=0 

is a sum of all simple submodules of H*{A) isomorphic to S{A)p^^ (E) det™. In 
particular, 

p-i 

H*{A)/BA{^d^Wn} 

has no simple subquotient module isomorphic to S{A)p~^ ^det"*. 

Now, we consider ^p(v4, ^)-module structure of H*{A). Let J{A) be the ideal 
of Ap {A, A) generated by bisets which factor through a proper subgroup of A. If 
L* — ©ri>oi" is a graded vector subspace of H*{E), we set = ©„>oi", the 
positive degree part of L* . 

Proposition 5.6. Let Q < A be a subgroup of order p. Let 
L-{Q) = H"{Q)Ap{A,Q) + {d2H*{A) n 

and 

L*{Q) = 0L"(Q) = H*iQ)Ap{A,Q)+d2H*iA). 

n>Q 

Then we have the following. 

(1) We have a sequence of Ap{A, A)-submodules, 

H*{A) D L*{Q) D d2H*{A). 

(2) We have H*{ A) J (A) d H*(Q)Ap{A,Q). In particular, every simple subquotient 
module of H* [A) / L* [Q) has minimal subgroup A. Moreover H*{A)/L*{Q) has no 
simple subquotient module isomorphic to S{A,A,S{Ay^^ det*) for any i. 

(3) The factor module L^{Q)/d2H*{A) is a direct sum of Ap{A, A) -modules with 
minimal subgroup Q. More precisely, if n > and n = i (mod p — 1) where 
< i < p — 2, then 

L^"{Q)/{d2H*{A) n H^"{A)) ~ S{A, Q, [/,). 

(4) We have d2lI*(A)J{A) = 0. In particular, every simple subquotinet module of 
d2H*{A) has minimal subgroup A. 
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Proof. We have d2H* {A)J{A) ~ since the restriction of d2 to any proper subgroup 
is zero. Hence d2H*{A) is an ^p(74, A)-subniodule and the claims in (1) and (4) 
are proved. 

Since A is an elementary abelian p-group, any transfer from proper subgroup to 
A is zero. Hence it follows that 

H*iA)J{A)cH*iQ)ApiA,Q)^ ^ ip*H*iQ)^Y. E (Aiy + As^)". 

•f-.A-^Q n>0Ai,A2eFp 

Then q* induces an isomorphism of GL2(Fp)-modules, 

p-i 

H*{A)/L*iQ)^¥p[y,,y2]/¥p[C]{J2S'} 

1=1 

and 

p-i 

L*iQ)/d2H*iA)^¥p[C]{Y,S'} 

1=1 

by CoroUarv 14. 9[ where Fp[?/i,j/2] is a subalgebra of H*{E) generated by yi and 
1/2 • It follows that no simple subquotient module of H*{A)/L*{Q) is isomorphic to 
S{A, A, det*) by Proposition IH 

On the other hand, since p|^^^Kerres^ = d2H*{A), it follows that 

Pi Kericj) : H*{Q)Ap{A, Q) H*{Q)) = H*{Q)Ap{A, Q) n d2H*{A). 

4>€A{Q,A) 

Since H^{Q) is a direct sum of simple A{Q, (3)-modules with minimal subgroup Q, 
it follows that 

L+{Q)/d2H*{A) ~ H+{Q)Ap{A, Q)/{H+{Q)Ap{A, Q) n d2H*{A)) 

is a direct sum of simple j4)-modules with minimal subgroup Q by Lemma 

13.21 This completes the proof of (2) and (3). □ 

Finally, we shall specify simple A)-submodules of H*{A) isomorphic to 

5(A,A,5(A)P-i(g)det'). 

Proposition 5.7. Let i,j >0, < m < p — 2 and < n < p — 1. If j + m > 0, 

then Di D2 d^Wn is an Ap{A, A)-submodule with minimal subgroup A, namely, 

DiD2d'^Wn ^ S{A, A, S{A)P-^ det") 
as Ap{A, A) -modules. The quotient module 

p-i 

F*(A)/(PA{0i52W„}) 

ri=0 

has no simple subquotient module which is isomorphic to S{A,A, S{A)p^^). On the 
other hand, if m > 0, then the quotient module 

p-i 

i/*(A)/(BA{04W„}) 

Tl = 

has no simple subquotient module which is isomorphic to S{A, A, S{A)p~^ (g) det™). 
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Proof. First, note that DiD2^d'^Wn S{A)p-^ ® det™ as GL2(Fp)-modules. By 
Lemma [5li;4), Di D2 d^Wn is an Ap{A, A)-submodule and 

DiD2d'^Wn S{A, A, S{A)P-^ (g) det"). 

If 1 < m < p — 2, then, as a GL2(Fp)-module, 

p-i 

i/*(A)/(ID)A{0d™W^„}) 

has no simple subquotient module which is isomorphic to S{A)p~^ (^det™' by Propo- 
sition [531 Hence, as an Ap{A, A)-modu\e, 

p-i 

F*(A)/(BA{0d™W^„}) 

has no simple subquotient module which is isomorphic to S{A, A, S{A)p^^ (E) det™). 

Next suppose m = 0. By Lemma EH (2)(3), H*{A)/d2H*{A) has no sub- 
quotient module which isomorphic to S{A, A, S{A)p~^). Hence it follows that 
ID)A{0^^QW„}/DA{05^^Ql?2W^ra} has no subquotient module which is isomorphic 
to S{A,A,S{A)P-^) since 

BA{0 W„} n d2H*{A) - DA{0 D2W„}. 

ri=0 n=0 

On the other hand, -ff*(A)/DA{©^~QW„} has no subquotient module which is 
isomorphic to S {A, A, S {AY"^) by Proposition 15.51 This completes the proof of 
the proposition. □ 

6. Images of transfer maps 

We study the image of transfer from maximal elementary abelian p-subgroups. 
Let M, = CS" + for < j < p - 2 where S° ^ ¥p, T'^ = S^-^. Moreover, let 
VA = Vi A — Ai, i E ¥p and tjA — y2 '^^ A — Aoo- Note that res;f (y^) — V for any 
AeA{E). 

Lemma 6.1. Let A e A{E). 
(!) We have 

(tyi - y2r-^ -C {A = A„ Q<i<p-l) 
G (A = Ao 

(2) Suppose that < j < p — 2 and < m < p, then 

{0 (0 < m < j < p - 2) 

(^T wJC^-J-iTr;^^-!) (0 < J < m, j < p - 2). 

In particular, 

Trf e ¥p[C]{v'Mo}. 

Moreover, for any I > 1, 
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(3) //O < m < p - 2 then y^Trf (yP-i) {A e A{Ej) is a basis of Mm- 

(4) For 1 <n <p, 

Trf ((yP-i - uf-i)") = -{C + TrK-^))" + C" 

-(iyi - 2;2)"(P-') + C" = A„ < i < p - 1) 

^ ^„ ^ ^^^^ 

/n particular, Trf ((yP^^ - uP-i)") G Fp[q{Mo}. 

Proof. Since res^(u) — — y^^^u and res^(C) = 2/^"^, we have = res^(u) + 
(resf(C))u. 

(1) First, note that by the double coset formula, 
mi) resfTrf^K-i) = | ^^q^' [J = 
for i,j=0, 1,00. Let O^J^iJ^P^l- Then 

i^ ^ j) 
and 

resf^((j2/i - y,r-' - C) = {-yf-' - y^-' = 0. 
On the other hand. 

By Quillen's theorem [T5], we get the equation. 

(2) First assume that < rn < j < p—2. We proceed by induction on m. The case 
m = is trivial. Let 0<m<j<p — 2. Then 

^m(p-l)+j _ yPy(™-l)(p-l) + (i-l) 

= (resf (u) +resf 

= resf(t;)w("-i)(f-i)+(^-i) +resf 

Hence 

Trf = «Trf + CTrf = 

by induction. Next assume 0<j<m<p,j<p — 2. Ifm = l then j — and the 
result is trivial. Assume 1 < m < p. If j = then, 

^m(p-l) ^ ^p^(m-2)(p-l) + (p-2) 

= (resf (w) +resf (C)w)w(™-2)(p-i)+(p-2) 
= resf +resf 

Hence 

Trf (u^fP-i)) = CTrf = C^^^Trf (mP-^). 

Note that to — 2 < p — 2 since m < p. On the other hand, if < j < to < p, 
j < p — 2, then 

^m(p-l)+j _ yPy(™-l)(p-l) + (i-l) 

= (resf (w) +resf 

= resf(z;)7/('"-i)(f-i)+(^-i) +resf 
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Hence, if j < m — 1, then 



TO — 1 

If J = TO — 1, then 



On the other hand, since 

resf,(TrfK-^)) = / = ^) 

we have 



{A' ^ A), 
resf,(Trf K-i))' = resf , ((-l)'-iC'-iTrf ^-1)) 



for any A' . 

(3) By (1), y^Trf (wP-i) € Af„. On the other hand, j/^Trf A e A{E) are 
hnearly independent by (|6.1I 1). Hence the results foUows since dimMm — p + 1. 

(4) By (2), we have 

Trf((yf-i-uP-i)") = Trf 



n 



= -(C + Trf(uP-i))" + C". 

Lemma 6.2. (1) If m > and I < i < p — 2, then 

Trf e CA{v'Mo}. 

(2) Ifm>l, then 

Trf (^'"(P-i)) = C™-iTrf (uf-i) mod CA{0/o}. 

/n particular, 

Trf e CA{Mo}. 

(3) For any n > 0, we have 

Trf (K-i - yP-^r) e CA{Mo}. 
Proof. Since res^(v) ~ — y^^^u, we have 

Trf (u^-) = CTrf(u^- + vTrf (w^^^f) 

for k > p. 



□ 
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We prove (1) and (2) by induction on to. If m = then Tr^(u*) = 0. If m = 1 
then the results fohows by Lemma lOI Assume that m>l. Ifl<i<p — 2, then 

Trf (u^^P-i^+O = CTrf (^('"-^^(P-i^+O +'yTr(u("-i)(P-i)+*-i) 

and the right hand side is contained in CAjw^Afo} by induction. 
On the other hand, modulo CA{T^Mo}, 

Trf(w™(P-i)) = CTrf +t>Tr(u("-2)(p-i)+(p-2)) 

= CTrf(u('"-i)(P-i)) 

EE CC""~2Tj.B(yP-l) 

= C""-iTrf (uP-i) 

by induction. Since Trf = C'^Trf (3) follows from (2). 

□ 

Lemma 6.3. Suppose 1 < <? < p — 2. Let ip : A — > A' < E be an isomorphism. 
Then 

Proof. For any (p, (p* les'^, {v) = A/i where A G and /i equals to res^(w) or some 
S-conjugate of y{uP^^ - y^^^). If <y9*resf,(w) = Aresf (w) then Tr^(^*resf , (w) = 0. 
On the other hand, if (/9*res^, {v) = A/i and fx is ii^-conjugate of y{uP~^ —yP~^), then 
Trf ^*(resf,(i;)9) e FpTrf (y9(uP-i - yP'^y) C y^C^-^Mo C C«-iM, by Lemma 

□ 

Lemma 6.4. Lei (^9 : A — > A' < E be an isomorphism. Then 

Tr^(^*(resf,(t;^S'^')) = 

for any j > 0. 

Proof. Since (p* {ies-^,{v^ S^)) C Fpdj, the image of transfer map is zero. □ 

For A' e A{E), let y' G ^^^(A') be the element corresponding to y G H^{A), 
that is, y' = resf,(i/AO- Note that resf,(S'0 = Fp(y')' and resf,(C) = (y')^"^- 

Lemma 6.5. Suppose that < m < p and < i,q < p — 2. Let ip> : A — > A' < E 
be an isomorphism. Then the element 

Trf^*(resf,(C"z;«)(y')^) 
is contained in the following ¥p-subspace W : 



condition W 

q<i, m + q<i + l 

q<i, m + q>i + l C'^+'i-'-^v^ Mq 

i<q, m>Q, m + q<p + i + l 

i<q, m>0, m + q>p + i + l C™+«"P"'" VwW, 

i<q, TO = Ci-'-^v'Mq 



Proof. Assume q < i. Then 

Trf^*(resi(C"z;^)(y')^) = Trf ^*((resf,(z;)y')'resf,(C™)(y')*-^) 

C Fp(i;y^)«Trf^*((y')™'^-'^+<^-'^) 

C Fp(z;yA)''Trf(w'"(P-i)+('-^)) 
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and the result follows from Lemma l6. II Next, assmne i < q and to > 0. Then 

Trf^*(resf,(C"^;«)(y')^) = Trf ^*((resf,(^;)2/')'^resf,(C™-l)(y')^-'-^'-*)) 

C Fp(vz/A)«Trf(^*((y')*™"^^*^"^^+^^"^"''^"''^) 

and the result follows from Lemma l6. II Finally, assume i < q and m = 0. Then 

T^ip^res^ivW) = Trf ^*((resf,(«)y')'resf,(^;)<'-) 
C ¥p{vyATTTfip*ivesf,{vr-n 

by Lemma 16.31 □ 

Lemma 6.6. Suppose that to > and < i,q < p — 2. Let (p : A — > A' < E be 
an isomorphism. Then the element 

Trf^*(resi(C™z;^)(y')*) 
is contained in the following ¥p-subspace W : 

condition W 
~q^i CA{v^ Mq} 

i<q, TO > CA{Vv'Mg} 

Proof. The proof of this lemma is similar to the proof of the previous lemma using 
Lemma l6^ instead of Lemma lOI Assume q < i. Then 

Trf ^*(resf,(C"z;«)(y')*) C Fp(«y^)'Tr^(u™(f-i)+(*-«)) 

and the result follows from Lemma 16.21 Next, assume i < q and to > 0. Then 

Trf (^*(resf,(C'"w«)(y')0 C Fp(wy^)9Trf 

and the result follows from Lemma [6.21 □ 

7. Ap(i?, £')-SUBMODULES OF H*{E) 

Let Ap{E,E) = Fp (g) AziE,E) be the double Burnside algebra of E over ¥p. 
In this section, we consider some i<^)-submodules of H*{E). Note that 

Ap{E,E) = FpOut(£') ® J{E). First we shah show that the ideal J[E) is gen- 
erated three kinds of bisets. 

Definition 7.1. (1) Let Zq be the Fp-subspace of Ap{E,E) spanned by all bisets 
corresponding to i? > ^ E, A G A{E) and tp is an injective morphism. 
(2) Let Xi be the Fp-subspace of Ap{E,E) spanned by all bisets corresponding to 
(j): E — > E smd 4>{E) G A{E). 

Lemma 7.2. The ideal J{E) is generated byX^, X\ and the elements in Ap{E,E) 
corresponding to the bisets which factor through the trivial subgroup. 

Proof Let A e A{E), : A — > E and ^' : E — > E and assume that IV'C^)! = 
= P- It suffices to show that Ca,jP and C-E,i/'' ^'"^ contained in the ideal 
generated by Iq and Ii . 
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First consider Ca.iP- There exist an automorphism (fi : A — >■ A and a surjective 
morphism ipi : A — > i'iA) such that — ^piipi and Ker V'l = (c). Then ipi extends 
to (pi : E — > E such that |0i(i?)| = and we have ip = (pifi- Hence 

Next we consider Qe.iP' ■ There exist morphism (p2,(p3 '■ E — > E such that |(/)2(-E)| = 
|03(£')| — p2 g^Qji (p3(p2 = ip'. Then it follows that 

and this completes the proof. □ 

Next, we consider the effect of Iq on some subspaces of H*{E). Recall that 
= CS** + for < i < p - 2 where S° = Fp and T" = Sp-\ 

Lemma 7.3. (1) If < j < p - I andO <i <p~2, then 
and 

(2) If j >0 andO <i,q <p~2, then 

(CJw«M,)Io C CA{v'Mg}. 

(3) lfj>0 andl<q<p- 2, then 

(C^w«Mo)Io C CA{VMg}. 

(4) lfj>0 andl<i <p- 2, then 

{C^VM,)Io C CA{v'Mo}. 

Proof. (1) follows from Lemma [6.51 (2) and (3) follow from Lemma [6.61 Let us 
prove (4). Since 

resf(C^FM,) C F^resf 

for every A e A{E), it follows that {C^VAh)Io C CA{?;Wo} by LemmajSH □ 

Now, we consider certain Ap(£', i?)-submodules of II*{E). 
Theorem 7.4. H*{E) is a direct sum of the following Ap{E, E)-submodules. 
dill) CA{Fp + SP-^} 



1312) CA{S"' +T'+ ¥pv' + v'SP-^} (1 < i < p - 2) 

1313) CA{v'{S'®T')} {l<i<p-2) 



(11314) J2 CA{v«(5*®T*)}. 

l<i=^q<p~2 

Proof. By Theorem 14.41 as a GL2(Fp)-module, II*{E) is a direct sum of these sub- 
modules. We shall prove that these are in fact Ap{E^ £')-submodules in Proposition 
W7\ [Tin and [7T3I below. □ 
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Let US show that these modules are Ap{E, £^)-subniodules and analyze their de- 
tailed structure. We shall prove Corollary 17. 7117. lOl 17. 121 and 17. 141 using Proposition 
18.21 18.41 and Corollarv l9.3l Note that above four corollaries are not used in section 
|8]and section [9] 

Let W be an FpOut(i?)-submodule of H*{E). In order to prove that W is an 
£')-subniodule, it suffices to show that WIq and WIi are contained in W 
by Lemma [721 Note that (DAa;)Io C DA(2:Io) for any x e H*{E). Moreover 
{vS^)Ii — {vT'^)Ii = for i > and D2I1 = since ip*{d2) = for any surjective 
morphism tp : E — > A. 

Definition 7.5. We set 

p-1 

3=0 

for < i < p - 2. 

First, we consider the module in (|7.4I 1). 

Proposition 7.6. The following is a series of Ap(E, E)-submodules of H*{E), 

CA{Fp + SP-^} D CA{Mo} D CA{VMo}. 

Moreover we have a decomposition into Ap{E,E)-suhmodules, 

CK{VMo} = OK{D2No} ® DA{i:>2} © DAjy^P^^}. 

Proof. First we show that DAjDaA^o} is an ^p(£;, i;)-submodule of H*{E). We 
have OK{D2Nq}Ii = 0. On the other hand, since MqIq C Mq for < j < 
p - 1 by LemmaEnil), B)A{D2Nq}Iq C BA{D2Nq}. 

Next, since DAjDajlo = BA{D2}Ii = 0, BAjDs} is an ^^(i;, £')-submodule. 
Similarly, I])A{VSp^^}Ii = 0. Moreover I}A{VSp-'^}Io = by Lemma EH and 
BAjyS'P"^} is an £')-submodule. We have a direct sum decomposition as 

an Fp-vector space, 

p 

CA{yAfo} = ID)A{^(C^FMo)} 
3=0 
p-1 

= BA{C{J2iC'VMo)} ® BiA{VMo} 
3=0 

= I])A{D2Na}®BA{D2} (SBAiV SP-^} 

and this is a decomposition as an i?)-module. 

Next we consider CA{Mo}. By Proposition g^l CA{Afo}2:i C CA{Afo}- By 
Lemma 17. 3f 2). 

p 

CAjAfolXo = BA{"^C^Mo}Io C CA{Mo}. 

3=0 

Hence CA{Afo} is an Ap{E, i;)-submodule. Finally we consider CA{Fp + 5P^H. By 
Proposition ilH (CA{Fp + Sp-'^}+)Ii C CA{A'/o}. Note that, as Fp-vector spaces, 
CA{Fp + S'P-^} = ¥p[Di] ® CA{Afo}. Since ¥p[Di]Io = 0, we have CA{Fp + 
SP~^}Io C CA{Mo}. □ 
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Corollary 7.7. (1) CA{Fp + 5P-i} = Fp[Di] ® CA{Afo} as GL2i¥ p) -modules and 

CA{Fp + 3"-^}+ /CA{Mo} ~ SiE, E, Fp) 
as Ap{E, E) -modules. 

(2) CA{Mo} = Fp[C]{A/o} ® CA{VMo} as GL2i¥p) -modules and 

CA{Mo}/CA{VMo} ^ S{E, Q, Uo) 

as Ap{E, E)-modules, where Q < P , \Q\ — p and Uo is the trivial ¥pOut{Q) -module. 

(3) ^.s Ap{E,E) -modules, 

DA{I?2iVo} ^ S{E, A, SiAf-^) 
nA{D2}^^SiE,E,¥p) 

and 

1D>A{VSP-^} ~ S{E, E, SP-^). 

Proof. (1) Since CA{Fp + Sp-^}Iq and (CA{Fp + SP-^}+)Ii are contained in 
CA{A/o} as in the proof of Proposition 17.61 it follows that 

(CA{Fp + SP-^}+ /CA{Mo})J{E) = 0. 

Since GL2(Fp) acts on Di trivially, we have 

CA{Fp + SP~^}+ /CA{Mo} ~ SiE, E, ¥p) 

(2) This follows from Proposition [8?2] 

(3) By CoroUaryiH 

BA{D2No} ~ S{E, A, SiAf-^). 

Since ID>A{D2}Xo = DAjDalli = and GL2(Fp) acts on D2 trivially, it follows 
that 

nA{D2}^^S{E,E,¥p). 

Similarly, since 

]D)A{VSP-^}Io = lD)A{VSP-^}Ii = 0, 

it follows that 

DA{FS'?'-i} ~ S{E, E, SP-^). 

□ 

Next, we consider the module in (|7.4I 2). 

Lemma 7.8. Let 1 < i < p — 2. 

(1) CA{S' + T'jio C CA{w'A/o}. 

(2) CA{S' + T'jii c ¥p[C]{S'}. 

Proof. (1) First, note that 

CA{5* + T'} c BA{S'} + BA[C]{M,}. 

Since lD)A{S^}Io = and BA[C]{M,}Io C CA{v'Mo} by Lemma [73i;2), the proof 
is completed. 

(2) We have that CA{V{S' + T')}Ii = 0. Hence it follows that 

CA{5* + c ¥p[C]{S' + T'}Ii c ¥p[C]{S'} 

by Corollary 14.91 and the proof is completed. □ 
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Proposition 7.9. Let I < i < p - 2. Let Zi = Fp[C]{5'} + CA{z;'Mo + VMi}. 
Then we have the following Ap(E, E)-submodules: 

CA{S' + T' + ¥pv^ + v'SP-^} 
I 

CA{S' + T' + v'Mo} 
/\ 

Fp[V]{VS'} + Z, ¥p[C]{T^} + Z, 
\/ 



CA{v'Mo + VM,} 

Proof First, we consider CA{w*Mo + VM,}. We have CA{v*Mo + VMijIi = 
0. Since CA = DA{1, C, . . . , C^}, in order to show that CA{v'Mo + VM,}Io C 
CA{v'Mo + VM,}, it suffices to show that {v'Mo + VMi}Io C CA{v'Mo + VM,} 
for j > 0. By Lemma[73i;3), we have {C^v'Mo)Io C CA{VM,}. On the other hand, 
{C^VM,)Io C CA{v'Mo} by Lemma [L3i;4) . This shows that CA{i;^Afo + VMi} is 
an ^p(i?, i?)-submodule. 

Next, consider Z, = ¥p[C]{S'} + CA{v^Mo + VM,}. Since resf (C^S'O = 
FpyJ(p-i)+», it foUows that {¥p[C]{S'})Ii C ¥p[C]{S'} by CoroUarySH On the 
other hand, we have that ¥p[C]{S'}Io C CA{t;^Mo} by Lemma[L3l2). Hence 
is an Ap{E, _E)-submodule. 

Next we consider CA{S'' +T' +v' Mq} , ¥p[V]{VS''}+Z, and ¥p[C]{T'}+Z,. Since 
these are GL2(Fp)-submodules, it suffices to show that CA{S' + T'^ + v'^Mo}J{E) C 
Zi. But this foUows from Lemma [7.81 since CA{i;'Afo} C Zi. 

FinaUy, we consider CA{S' + T^+ ¥pV^ + v'SP-^}. Note that 

CA{5'' + r' + ¥pv' + v'SP-'^} = CA{v'} + CA{S' + T' + v'Mo}. 

We claim that CA{i)^}Io C CA{S' + T'}. It suffices to show that {C'v^)Io C 
<CA{S' + T'} for j > 0. If j = 0, then v% C C'-^Mi by hemmaEM^)- ^ J > 0> 
then 

iC^v')Io C (CJ"iw^Afo)2:o C CA{0/i} c CA{S' + T'} 

by Lemma[L3i;3). On the other hand, CA{w^}Ii C CAjS-S T'} by Proposition [42l 
Hence 

CA{S' + r + t;^ + ¥pv' + SP-'^jJiE) C CA{S" + T' + v'Mq} 
and this completes the proof. □ 

Corollary 7.10. Let 1 < i < p - 2 and set Zi = ¥p[C]{S'} + CA{v'Mq + VM,} 
as in Proposition \7.9\ The we have the following. 

(1) CA{S' + T'+¥pv' + v'SP-^}^¥p[V]{v'}®CA{S' + T' + v'Mo} as GL2(Fp)- 
modules and 

£A{S' + r- + ¥pv' + v'SP-^}/CA{S' + T' + v'Mq} ~ S{E, E, det') 
as Ap(E, E) -modules. 

(2) CA{S' + T' + v'Mo} = ¥p[C]{T'}(S¥p[V]{VS'}®Z, as ¥p-spaces and we have 
CA{S' + T' + v'Mq}J{E) C Z,. Ln particular, 

CA{S' + r + v'Mo}/(¥p[C]{T'} + Zi) ~ {¥p[V]{VS'} + Zi}/Z, ^ S{E, E, S') 
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and 

CA{S' + T' + v'Mo}/{¥p[V]{VS'} + Z,) ~ i¥p[C]{r} + Z,)/Z, ^ ^ S{E,E,r) 
as Ap{E,E) -modules, where f' = (CS' + T')/CS' . 

(3) Zi /CA{v' Mo + VM,} ~ (SS{E, Q, Ui) where Q <E,\Q\=p and is a simple 
¥pOvLt(Q) -module. (See the first part of section 5.) 

(4) Every composition factor of CA{w*Mo + VMi} as an Ap{E , E) -module has 
minimal subgroup E. 

Proof. (1) Since there is a decomposition into Fp-vector subspaces 
CA{Fp + SP-^} = ¥p[V] ® CA{C} © CA{S'P-i}, 

we have 

CA{S' + T + ¥pv' + v'S^-^} = ¥p[V]{v'} © CA{5* + T' + v'Mq}. 
Moreover 

(CA{5' + r + ¥pv' + v'SP-^}/CA{S' + T + v'Ma})J{E) = 

by the proof of Proposition 17.91 Hence the result follows since GL2(Fp) acts on -y* 
as det\ 

(2) Since there exist decompositions into Fp-subspaces, 

£A{S'} = ¥p[C]{S'} ® ¥p[V]{VS'} ® CA{VCS'} 
£A{T} = ¥p[C]{T'} ® CA{VT}, 

we have 

<CA{S' + r} = ¥p[C]{T'} © Vp[V]{VS') ® ¥p[C]{S') ® <CA{VMi} 

and 

CA{S' +T + v'Mo} = ¥p[C]{T} © ¥p[V]{VS'} © Z,. 
Hence the result follows since 

CA{S' +T' + v'Mo}J{E) c Zi 

by the proof of Proposition 17.91 

(3) This follows from Proposition l8.4l 

(4) This follows from Proposition [821 [531 and Corollary lO □ 

Next, we consider the submodulc in (|7.4I 3). 

Proposition 7.11. Let 1 < i < p - 2. The ¥p-subspace CA{v'S' + v'T'} is 
an Ap{E, E)-submodule of H*{E) and we have the following decomposition into 
Ap{E^ E)-submodules, 

CA{u*S'* + v'T} = DA{uW,} © BA{v\S^ + VT)}. 

Proof. Since 

<CA{v'S' + v'T'} = nA{v'Ni\ © I[l)A{w*(5* + VT')} 

as Fp-vector spaces, it suffices to show that DA{u*iVj} and DA{w*(S'* + VT'')} are 
v4p(i?, £^)-submodules. First, these are GL2(Fp)-submodules since V{CS'' + T*) = 
D2S' + VT\ We have CA{v'S' + v'T'}Ii = 0. Since C^v'A'UIo C C^v'Mi for 
< j < p - 1 by LemmaUMl), we have BA{v'N,}Io C DA{i;*iVi}. On the other 
hand, ]D)A{w*(S'* + VT')}Ia = by Lemma [Ol and this completes the proof. □ 
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Corollary 7.12. (1) As A{E,E) -modules, 

BAlv'N,} ~ SiE, A, SP-\A) (g) det*). 

(2) As an A{E, E) -module, every composition factor o/ DA{t;*(S'* + VT^)} has 
minimal subgroup E. 

Proof. (1) This follows from Corollary 19. 31 

(2) Since DA{v'(S" + VT')}J{E) = as in the proof of Proposition ETH every 
composition factor of I])A{v'(5' + VT^)} has minimal subgroup E. □ 

Finally, let us consider the submodule in (17.41 4). 

Proposition 7.13. The ¥p-subspace 

J2 <CA{v'>S' + v^T} 

l<i^q<p^2 

is an Ap{E,E)- submodule of H*{E). 

Proof. Let W = 'El<^=^q<p-2^M'"'^S' + w'T*}. We have WIi = 0. Since CA = 
J2^j=o^MC^}, it suffices" to show that C^(w«5* + w«r')Io C for < j < p. 
By Lemma O C^^v'^S' + v'^T^)Io C CA{v'Mq} C W, and this completes the 
proof. □ 

Corollary 7.14. As an A{E, E) -module, every composition factor of 

CA{v''S' + u'T*} 

l<i=^q<p~2 

has minimal subgroup E. 

Proof This follows from Proposition [OIH] and Corollary O □ 

8. Simple modules with cyclic minimal subgroup 

In this section, we consider simple ^p(_E, £')-modules induced from cyclic sub- 
group of order p. Recall that M, = CS' + T' for < i < p - 2 where 5° = ¥p and 

Let Q < i? be a subgroup of order p. Let Ui — WpUi {0 < i < p~2) he the simple 
right FpOut(Q)-module defined by ma = Xui where Out((5) = (cr) and = (A). 
Let be a generator of H'^{Q). If n = m{p~ 1) +« where m > and < i < p— 2, 
then F2n(Q) ^ as FpOut(g)-modules. 

First, we consider the simple Ap(£^, i?)-module corresponding to C/q, namely, 
S{E,Q,Uo). 

Lemma 8.1. Let n — m{p — 1) > 0. Then we have 

H^"-{Q)A{E, Q) + CA{VMo} = C^^^Mo + CA{V^Mo}. 

Proo/. i?2" (g)^(^ Q) is generated by ^ 0*ij2"(Q) and 

<f,:E^Q 

^ ^ Trf^*(if2"(Q)). 
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The former Fp-subspace is equal to C™ ^S^ ^ by Corollary 14.91 On the other 
hand, ii (p : A ~» Q then (p*{'ri) is Ay or £^-conjugate of Xu for some A e Fp. Hence 
the later Fp-subspace is equal to J^AeAiE) Il''pTr^(u"). By Lemma [6?2l 

Trf (u") = C""~iTr^K-i) (mod CA{V^Mo}). 

Since C^-^Trf (uP-^), A e AiE) is a basis of C"^-^Mo, it follows that 

J2 IFpTrf (m") + CA{yA/o} = C"'-^Mo + CA{VMo} 

AgA(E) 

and this completes the proof. □ 

Proposition 8.2. As Ap{E, E) -modules, we have 

CA{Mo}/CA{VMo} ~ SiE, g, Uo). 

Moreover, H*{E)/CA{Mq} and CA{VMo} have no simple subquotient module 
which is isomorphic to S{E,Q,Uq). 

Proof. First, note that CA{Mo} and CA{VMo} are Ap{E, i;)-submodules by Propo- 
sitionlLS Let i^,„ = H'^"'^-p-^\Q)A{-,Q) for m > 1. By LemmaEH 

F^{E) + CA{VMo} = C^-^Mq + <CA{VMo}. 

In particular, 

( fl Kerresf ) n Fm{E) = CA{VMq} n Fra{E). 

B.<E,\R\=p 

Hence F„,,{E) / {F„^{E) n CA{VMo}) ~ S{E, Q, Uq) by LemmalSH and we have 
CA{Mo}/CA{T/Afo} ^ Fm{E) + CA{V Mo})/ CA{VMo} 

m>0 

~ Fm{E)/{Fm{E) n CA{VMo}) 
05(i?,Q,f/o). 

Let F = ®m>iFm- Since H*{Q)/F{Q) has no simple subquotient module 
which is isomorphic to S{Q,Q,Uo), it follows that H*{E)/F{E) has no simple 
subquotient module which is isomorphic to S{E, Q, Uq) by Corollary 13.31 Since 
F{E) C CA{A/o}, it follows that H*{E)/CA{Mo} has no simple subquotient mod- 
ule which is isomorphic to S{E, Q, Ua). Moreover, since the restriction of CA{VMo} 
to any subgroup of order p is zero, we have {CA{VMo})Ap{Q, E) = 0. Hence 
CA{VMo} has no simple subquotient module which is isomorphic to S{E, Q, Uq) 
by Lemma [321 D 



Next, we consider the simple Ap(i?, £^)-module corresponding to [/^ for 1 < i < 
p—2, namely, S{E, Q, Ui). 

Lemma 8.3. Let 1 < i < p — 2 and n = m{p — 1) + i. Then we have 

H^'\Q)A{E, Q) + <CA{v'Mo + VM,} = C"'S' + CA{v'Mo + VM,}. 
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Proof. By Corollary HH H^'' {Q) A{E , Q) is spanned by C"^S^ and 

^ Tr^(p*(i/2"(Q)). 

AeA(E) <p:A^Q 

Since ip*{ri) is Ay or i?-conjugate of Am for some A G ¥p, it follows that 

H^''{Q)A{E, Q) + <Ck{v'Ma + VAh} = C^S"* + CA{t;^Mo + VM,} 
by Lemma W% and this completes the proof. □ 

Proposition 8.4. Let 1 < i < p ~ 2. As Ap{E , E)-modules, we have 

i¥p[C]{S'} + CA{v'Mo + VAU})/CA{v'Mo + VM,} ~ S{E, Q, U,). 

Moreover, H*{E)/{¥p[C]{S''} + £h.{v^M(^ + VMi\) and€K{v'MQ + VM{\ have no 
simple subquotient module which is isomorphic to S{E,Q,Ui). 

Proof. We set Zi = ¥p[C]{S'} + CA{v'Mo + VMi} as in Proposition [LH Then Zi 
and CA{w*Mo + VM,} are Ap{E, £;)-submodules by Lemma [LS Let 

Fm.^ = H^'"^P-'^+'iQ)A{-,Q) 

for m > 0. By Lemma [8731 

Fm.i{E) + CA{v'Mo + VAQ = C""^^ + CA{v'Mo + VM,}. 

In particular, 

( fl Kerresf) n F,„,,(^) = CA{v'Mo + VM,} n F„,,,(S). 

R<E,\R\=p 

Hence FmAE)/{FmAE) n CA{w^Mo + VAfJ) ~ S{E,Q,Ui) by LemmaO and 
we have 

Zi/CA{t;'Mo + VMi} ~ ( ^ FmAE) + CA{v'Mo + VMi})/CA{v'Mo + VMi} 

m>0 

~ FmAE)/{FmAE) n CA{v'Mo + VM,}) 

m>0 

~ ^S{E,Q,U,). 

Let = (Bm>oFm,i. Since H*{Q)/F{Q) has no simple subquotient module which 
is isomorphic to S{Q, Q, Ui), it follows that H*{E)/F{E) has no simple subquotient 
module which is isomorphic to S{E,Q,Ui) by Corollary 13.31 Since F{E) C Zi, it 
follows that H*{E)/Zi has no simple subquotient module which is isomorphic to 
S{E, Q, Ui). Moreover, since the restriction of CA{v''Mo + VMi} to any subgroup of 
orderpiszero,wehave(CA{i)*Mo + FMi})Ap(Q,i;) = 0. Hence CA{dWo + FMJ 
has no simple subquotient module which is isomorphic to S{E, Q, Ui) by Lemma 
1X21 

□ 
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9. Simple modules with minimal subgroup A 

In this section, we consider £')-modules induced from Ap{A, A)-modu\es 

where A is a, maximal elementary abelian p-subgroup of E. 

Lemma 9.1. Let i,j>0,0<m<p~2 and < n < p — 1. If j + m > 0, then 
Di D2' d™WnAp{E, A) is a simple Ap{E, E)-submodule of H*{E) and isomorphic 
to S{E,A,SiA)P-^ (gidet"'). 

Proof Let F = {Di dfWn)Ap{-,A). Note that 

Di'D2d^Wn ~ SiA.A, SiA)P-^ (g, det™) 
by Proposition 15.71 Since F{E) 7^ 0, it suffices to show that 

Pi KerF(0) = O 

by Lemma 13.11 If a £ n^g^^j^^j Keri^(0) then res^/(Q!) — for every maximal 
elementary abelian subgroup A' of E. Then a = by Quillen's theorem [T5]. □ 

Proposition 9.2. Let i,j>0, < m < p ~ 2 and < n < p — 1. If j + m > 0, 

then 

iD,'D2'd'2^W^)Ap{E,A) = DlDiv'^C'^Mra 
where Mm = CS"" +T™. 

Proof. First, we claim that DjD^w^C"*/™ is an Ap(£;, i;)-submodule of H*{E). 
We have {D\D{v-^ C"^ Mm)Xi = 0. Since v'^C'Mmlo C 'y™C"M,„ by Lemma 
17:^1). D{Div"'C"-Mm is an ^p(£:, £;)-submodule. 

By LemmaO;3), {DlDiv"'y'^,C''TTiuP-^)}A'eA{E) is a basis oi DlD^v'^'C'' 
Since C"Trf , = Trf,(u("+i)(P-i)) by Lemma^ll2) , we have 

and it follows that 

D\Div"'C"Mm C {DiD2'd^Wn)Ap{E,A) + {Di' D2' d'^'+^H*{A))Ap{E, A). 
Since 

iDiD2d^+^H*{A))Ap{E,A) ^ J2 J2 Tt%^*{D^'D2' d^+^H*{A)) 

C D\D{v"'+^S"'+^H*{E), 

we have 

D{Div"'C"'Mn n {DiD2^d^+^H*{A))Ap{E,A) = 0. 
Then it follows that 

{Di'D2'd'^'Wn)Ap{E,A) + {DiD2'd^+^H*{A))Ap{E,A) 
= DlDiv'^C^'Mm + {Di D2' d'^+^H*{A))Ap{E,A). 

and 

DlDiv^'C^Mr, ~ {D^'D2'd^Wr:)Ap{E,A) 
since {Di D2 d™Wn)Ap{E,A) is a simple Ap(i?, £')-module by Lemma I^TTl 
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Next, we prove that {Di d^^^ H*{A))Ap{E, A) does not have a submodule 
which is isomorphic to DlD^v™ M^. In particular this implies that 

{D^D2'd^Wn)Ap{E,A) = DlDiv'-C^M^. 

Assume that there exists an Ap(£', £;)-submodule of (Di d'^'^'^H*{A))Ap{E,A) 
isomorphic to D{D^^v"^C"'Mm. Then some submodules of DlDlv"'+^S"'+^H*{E) 
is isomorphic to D{Div"'C"Mm. Then, as a GL2(Fp)-module, vS'^+^H^'iS) has 
a submodule which is isomorphic to 5™ where 

r = i(degC"M™-deg«5™+i) 

= n{p — 1) + (p + m — 1) — (p + m + 1) = n{p — 1) — 2. 
But this contradicts to Lemma ITBl and so the proof is completed. □ 

Corollary 9.3. (1) We have 

DA{D2No} ~ S{E, A, S{A)p-') 
and the quotient module 

H*{E)/I])A{D2No} 

has no simple subquotient module which is isomorphic to S {E , A, S {A)p~^) . 
(2) Assume that 1 < m < p — 2. Then 

DAjt-^iV™} ~ S{E, A, det") 

and the quotient module 

H*iE)/BA{v"'N^} 

has no simple subquotient module which is isomorphic to S{E, A, S{A)p~^ ^ det™). 

Proof. (1) By Lemma [9.11 and Proposition 19.21 DA{Z32^o} is isomorphic to a di- 
rect sum of S{E,A,S{A)P-^). Since H*{A)/DA{®lZlD2Wr,} has no simple sub- 
quotient which is isomorphic to S{A, A, S{A)p~^) by Proposition 15.71 it follows 
that H* (E) /I])A{D2Nq} has no simple subquotient module which is isomorphic to 
S{E,A,S{A)P-^) by Corollary [331 This completes the proof of (1) since 

p-i 

DA{0 D2Wn}Ap{E, A) = DA{D2No} 

n=0 

by Proposition 19.21 The proof of (2) is similar to the proof of (1). □ 

Remark 9.4. We consider dlS^A)' for < i < p - 2 and q > 0. This is 
a simple ^p(A, ^)-submodule of H*{A) with minimal subgroup A. Let F = 
dlS{AyA{-,A). Since 

Trf(dl^(Ar)-0, 

we have that F{E) = and in particular, SA.s{Ay(Sdot<'iE) — 0. Hence there exists 
no simple v4p(_E, £')-modulc corresponding to S'(A)* ® det^ for < «, q < p — 2. 
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dim S{E,Q,U,) = 



10. COHOMOLOGY OF STABLE SUMMANDS 

By results in section[8]and sectionlU we have the following classification of simple 
Ap{E, £^)-modules. 

Proposition 10.1 ([6 ). Up to isomorphisms, the simple Ap{E, E) -modules are 
given as follows. 

(1) S{E,Q,U,) i0<i<p-2), 

P+l {i = 0) 
i + 1 (l<i<p-2). 

(2) S(E, A, S{A)P-^ (g) det") {Q<q<p-2), 

dim S{E, A, S{A)P''^ (gdef^) =p+l. 

(3) Simple ¥pOnt{E) -modules, namely, 

S{E, E, ® det') (0 < i < p - 1, < g < p - 2). 

(4) The one dimensional module with trivial minimal subgroup. 

Recall that Mi = CS' + and A^; = ®a<j<p-iC'^ Mi for < i < p - 2, where 
S°=¥p and TO = S^-^ . 

Let 5 be a simple Ap{E, i?)-module and let e be an idempotent in Ap{E, E) such 
that Se = S and S' e = for any simple Ap{E, £')-module S' which is not isomorphic 
to S. We shall obtain an Fp-subspace W of H*{E) such that the multiplication by 
e induces isomorphism 

W ^We^ H*{E)e. 
In general, W is not necessarily an v4p(i?, £^)-submodule. But for simple mod- 
ules with minimal subgroup A, we see that W is an Ap(i?, £^)-submodule and the 
equality W — We holds. 

By Proposition 18.21 and 18.41 we have the following. 

Theorem 10.2. Let Q < E, \Q\ = p and Ui {0 < i < p— 2) be simple kQ-modules. 
Let e be an idempotent corresponding to the simple Ap{E, E) -module S{E,Q,Ui). 
Then 

W ^We^ H*{E)e 

where 

¥p[C]{Mo}^¥p[C]{¥pC + SP~^} (z = 0) 



MC]{S'} {l<^<p-2). 
Proof. Since we have the following decompositions into Fp-subspaces, 
CA{Afo} = Fp[C]{Mo} ® CA{VMo} 

and 

Z, = ¥p[C]{S'} ® CA{v'Mo + VMi\ 
the result follows from Proposition 18.21 and 18.41 □ 

Similarly, by Corollarv l9.3[ we have the following. 

Theorem 10.3. Let e be an idempotent in Ap{E,E) corresponding to the simple 
Ap{E,E)- module S{E, A, SP-^ (g> dct'^). Th 



en 



H*{E)e 



)k{D2No} {q = 0) 

}A{vmg} {l<q<p-2). 
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Next, we consider simple Ap{E, _E)-niodules which corresponds to simple ¥pOut{E)- 
modules. First, we consider simple modules det^ and 5^"^ (X) det'^. 

Theorem 10.4. (1) Let e be an idempotent corresponding to the trivial Ap(E,E)- 
module. Then 

H* {E)e = BA+ e ^ BA+ . 

(2) Let 1 < q < p — 2. Then there exists an idempotent e corresponding to the 
simple Ap{E, E) -module S{E, E,det'^) such that 

H*{E)e = CA{v'^}e ~ CA{w«}. 

(3) Let e be an idempotent corresponding to the simple Ap{E, E)-module S{E, E, S^"^). 
Then 

H*{E)e = BAiVSP-^je ~ I])A{VS'p-^}. 

(4) Let 1 < 9 < p — 2. Then there exists an idempotent e corresponding to the 
simple Ap{E,E) -module S{E,E, 5*^"^ <S) det'') such that 

H*{E)e = CA{w'?S'P-i}e ~ CA{v'^SP^^}. 

Proof. (1) Let e be an idempotent corresponding to the trivial £')-module. 
Since direct summands in ()7.4I 2). (|7.4I 3') and (|7.4I 4) have no simple subquotient 
module which is isomorphic to S{E,E,¥p) by Corollarv \7AU[ FTT^ and \71M it 
follows that H*{E)e = CA{¥p + SP-^}e. By CorollaryOand LemmaHHl we have 

H*{E)e = ¥p[Di] + e ® DA{L>2}e ~ Fp[i:>i]+ ® BAiD^} = OA+. 

(2) If 5 is a simple Ap(£', i?)-module such that S has a composition factor isomor- 
phic to det'' as a GL2(Fp)-module, then S ~ £', det''). Hence if e is an idem- 
potent in FpGL2(Fp) corresponding to the simple F)3GL2(Fj,)-module det'', then e 
is an idempotent corresponding to the simple £')- module £', det*). It 
follows that 

H*{E)e = Ho,g^CA{v'^} 

by Corollarv 14.51 

(3) Let e be an idempotent corresponding to the simple Ap{E, £^)-module S{E, E, Sp^^). 
Then, by Corollarv [7Jl [7101 WJ2[ WA4\ and Lemma [lH we have 

H*{E)e = ]n)A{VSP~^}e = ]D)A{VSp-'^}. 

(4) As in the proof of (2), if e is an idempotent in FpGL2(Fp) corresponding to 
SP~^ (g) det'', then e is an idempotent corresponding to S{E, E, Sp^^ (E) def). Hence 
it follows that 

H*{E)e = Hp.i^g = CAiv'^SP-^}. 
by Corollarv 14.51 □ 

Let us consider remaining simple FpOut(£')-modules, that is, 5** (E) det* for 1 < 
i<p-2,0<q<p-2. 

Theorem 10.5. Let 1 < i < p - 2 and < q < p - 2. Let 

S = S'v'i, T = TP-'-^v" 
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where s — i + q (mod p — l).0<s<p — 2. Then there exists an idempotent e in 
Ap{E,E) which corresponds to S{E,E,S'- (g) def) such that H*{E)e = We~W 
for the following ¥p-subspace W : 

CA{VS} ® BA{VT} {q = 2i = 0) 

CA{VS} ® CA{T} {q EE 0, 2i^ 0) 

DAIS'} ® B)A{VT} {i^q, 3i = 0) 

B)A{S} ® CA{T} {i = q, 3i ^ 0) 

CA{S} ® BA{VT} {q^O, i ^ q, q + 2i = 0) 

£A{S} ® CA{T} ((? ^ 0, i 7^ g + 2i ^ 0) 

where = means equivalent modulo p — 1. 

Proof. Let / be an idempotent in FpGL2(Fp) which corresponds to the simple 
FpGL2(Fp)-module ® det«. Since 

S{E,E,S' ®dei'^) ~ 5'* (g) det« 

as FpGL2(Fp)-modules, there exists an idempotent e in Ap{E, E) which corresponds 
to the simple Ap{E, E)-modu\e S{E,E,S' (g) det') such that fe^ef^ e. Note 
that S{E, E, L)(/ - e) = for any simple FpGL2(Fp)-module L. Since 

H*{E)f = CA{5}/ ® CA{r}/ ~ CA{S} ® CA{T} 

by Corollary 14.51 it follows that 

H*{E)e = CA{S}e ® CA{r}e. 

First, we consider CA{5}e. Assume q = 0. Then 

CA{S}(l¥p[V]{VS} + Z, 

where Z, = ¥p[C]{S} + CA{v'Mo + VM,} as in Proposition [721 By CoroUaryEIO] 
and Lemma |2JJ we have 



{¥p[V]{VS} + Z,)e = ¥p[V]{VS}e + CA{v'Ma + VM,}e 
~ ¥p[V]{VS} + C A{ v' Mo + VM,}e. 

Since every composition factor of CA{t;*Afo + VMi] has minimal subgroup E by 
Corollarv l7.10[ it follows that 

CA{u*Afo + VMi}e = CA{v'Mo + VMi\f 

= CA{CVS}f = CA{CVS}. 

Hence, if q = 0, then 

CA{S}e c ¥p[V]{VS}e®CA{CVS} 
= CA{VS}e ~ CA{t/5} 

and 

CA{S}e = CA{VS}e ~ CAINS'}. 

Assume i — q. Then 

p-i 

CA{S} = OA{^ C'+^S} ® BA{S} 

3=0 
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and we have 

p-i 

nk{^&+^s} c V)k{v^Ni} 

3=0 

BA{S} c DA{w^(S'^ + VT')}. 

Since DAjw^iVje = BA{v'{S' + VT')}{f ~ e) = by Corollary EH] and CA{5}/ = 
CAIS*}, we have 



CAIS-je = ©AlS-le = ]D)A{S}. 



Assume q ^ and i ^ q. Then CA{S'}(/ — e) = by Corollary 17. 141 Hence we 
have 

CA{S}e = CA{S}f = CA{S}. 
Next, we consider CA{r}e. Assume q + 2i = Q. Then 

p-i 

CA{T} = DA{^ C^T} ® BA{VT} 
j=o 

and we have 

p-i 

BA{^ C^T} C BA{vP-'^-'Np^i^,} 

3=0 

1D)A{VT} c DA{vP-^-\SP-^-' + VTP-^-')} 
since s = p — I — i. Since 

BA{vP-^-'Np^i^i}e = BA{vP-^-'{SP-'^-' + VTP-^-')}{f - e) = 
by Corollary EH and CA{r}/ ~ CA{T}, we have 

CA{T}e = DA{1/T}e ~ BA{yT}. 
Assume q + 2i and i + g = 0. Then by CoroUarv 17.101 and Lemma I^TTl 

(Fp[C]{r} + Zp_i_Oe = ¥p[C]{T}e®CA{vP-^-'Mo + VMp.i,,}e 
= ¥p[C]{T}e®CA{VT}e 
~ ¥p[C]{T}®CA{VT}. 

Hence we have 

CA{r}e ~ CA{r}. 
Finally, assume q + 2i ^ Q and i + q^ 0. Then 

CA{T}c CAiv^'iS^ +T^)} 

l<j^r<p-2 

since p — 1 — i ^ s. Hence CA{r}(/ — e) = by CoroUarv 17. 141 and in particular, 
we have 

CA{r}e = CA{r}/ ~ CA{r}. 

This completes the proof. □ 
By these results, we can describe the cohomology of stable summands of BE. 
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Definition 10.6. Let Xm be an indecomposable stable summand of BE corre- 
sponding to a simple right Ap(i?, i?)-module M. Let X{AI) be the sum of inde- 
composable summands equivalent to Xm in the complete stable splitting of BE. 
Let e be an idempotent in Ap{E,E) corresponding to M, namely, M = Me and 
M'e = for a simple Ap{E, i?)-module which is not isomorphic to M. Let 

H*{X{M)) = H*{E)e. 

Let X,^q = ^s(£.B.S'»dct«) and X{i, q) = X{S{E, E, 5' ® det«)) for < i < 1 
and < q < p — 2. Note that X{i, q) ^ {i + l)Xi,q. Moreover we write 

X{E, A, q) ^ X{S{E, A, SP-^ (E) det«)) 

and 

X{E,Q,q) = X{S{E,Q,U,)). 
Corollary 10.7. We have the following isomorphisms: 

H*{X{0,0)) ~ DA+ 

H*{X{0,q)) ~ CAiv"} 

H*{X{p~l,0)) ~ BA{VSP-^} 

H*{X{p-l,q)) ~ CA{v'>SP-'^} {l<q<p-2). 

Proof. This follows from Theorem [inH □ 

Corollary 10.8. Let I < i < p - 2 and < q < p - 2. Let 

S = SV, T ^ TP-'-^v' 

where s = i + q (mod p~ 1), < s < p — 2. Then H*{X{i, q)) is isomorphic to the 
following suhspace: 

Ck{VS} ® nk{VT} {q = 2i = {)) 

CK{VS} ® CA{T} {q = 0, 2i ^ 0) 

® Ok{VT} {i^q, 3i = 0) 

® CA{T} = 3i^0) 

CA{S} ® BA{VT} (q^O, i ^ q, q + 2i = Q) 

CA{S} ® CA{T} [q^Q, i^q, q + 2i^Q) 

where = means equivalent modulo p — I. 



Proof. This follows from Theorem 110.51 □ 
Corollary 10.9. We have the following isomorphisms: 



H*{X{E,A,q)) 



mD2{®%l C^i^pC + SP-^))) [q - 0) 
DA{w«(0^Zo Chics'! + r«))} (1 < g < p - 2) 



Fp[C]{5'} {l<i<p-2). 



H*{X{E,Q,i)): 

Proof. This follows from Theorem [lUS] and Hn^l □ 
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